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Abstract. Double Fibonacci sequences (^x^ f^^ are introduced and they are related to operations 
with Fibonacci modules. Generalizations and examples are also discussed. 

1. Introduction 

Let us fix a commutative ring TZ; Ti? will denote the rank 2 free 72.-module and also the product 
ring TZ X TZ. The main object of study is the Fibonacci module of type (a, 6) G TZ'^ associated to 
the 7^-modulc M: 

Definition 1.1. J^M(a, b) is the set of sequences {{xn)n>o ■ Xn G M, Xn+2 = ax„+i+6x„, Vn > 0}. 
If M = 7^, we use the shorter notation J- {a, b). 

Remark 1.2. Using the TZ[T] structure of the 7?.-module of all sequences in M: Sm — {{xn)n>o '■ 
Xn G M}, where the action T is given by the shift T(a;o, xi, X2, ■ . ■) — (a;i, a;2, xa, . . .), one can 
describe b) as the sub 7?.[T]-module ker(r^ — aT— fe). We also consider J-yi{a, b) = {{xn)n<^i ■ 

Xn G M, Xn+2 = ClXn+l + 6x„, Vn}. 

It is well known (at least in the vector space case) that ^{a, b) is a free 7^-module of rank 2; 
more generally: 

Proposition 1.3. 

^M(a, &) ^ M © M ^ T{a, b) ® M. 

An explicit basis can be found for J-yi{a,b) (see, for example, [5] in which Lucas functions are 
used): 

Proposition 1.4. The sequences (Pq"' (a, 6))^^ ^ and (p|"'(a, 6))^^ in!F(a,b) defined hy P^\a,b) 
I, P^^\a,b) ^ 0, respectively by pf\a,b) = 0, (a,6) = 1, and by pf'^'^\a,b) = aPf +^'(0,6) + 
6p/"'(a, b) (i — 0, 1) give a canonical basis of the TZ-module Tia, b). 

Standard operations with modules give the following: 
Proposition 1.5. a) There is a natural 7Z[T]-module isomorphism: 

Tm{a, b) ® J^N(a, b) = J^M®N(a, b) . 
b) There is a naturalTZ^ -module isomorphism: 

Tm{a,b) ® TTsiic,d) :rMeN((a, c), (&, d)) . 
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In order to describe multiplicative operations (tensor product, symmetric power, exterior power), 
we introduce double Fibonacci sequences. 

Definition 1.6. The double sequence {xn,k)n,k>o, Xn,k G M is a double Fibonacci sequence of 
type (a, b) ® (c, d) G TZ^ ® TZ^ if for any n, fc > we have: 

Xn+2,k = aXn+l,k + bXn^k , 
Xn,k+2 = CXn^k+1 + dXn^k ■ 

As an example, let us consider the element in 1) (g) (1,3)) with xq,q = Xi^o = ^i.i = 1 

and xo.i =0 (we locate the terms in the first quadrant): 

3 7 10 17 •■• 
3 4 7 11 •■• 
Oil 2 ••• 
112 3 ••• 

The set of double Fibonacci sequences is denoted by T^(^{a,b) (c, d)) and it is naturally 
an TZ[H , V]-modu\e (i7, V are horizontal and vertical shifts: H{xn.k) = {xn+i,k), respectively 

V{xn,k) — {xn,k+i))- ^ (o, ^) ~ (c, rf) wc usc the simplified notation T^{a,b). In [3] double 
sequences {xn,k) given by a different recurrency are considered: Xn,k depends linearly on the terms 
{xij}i+j<„+fc. In our definition, Xn.k depends on Xn-i,k and Xn-2,k and also depends on Xn,k-i 
and Xn_k-2, using two different relations. Even the existence of a sequence with prescribed ini- 
tial four terms Xij, & {0, 1}^, is not an obvious fact. Now we present some properties and 
operations with these sequences. 

In Section[2] the proofs of the previous results are given. In Section|3]we generalize these results 
in two directions: we consider higher order linear recurrency: 

Xn+d = aiXn+d-1 H h adXn, 

and also we consider multiple sequences: (xni,n2,...,na)ni>Q ■ 

In the last section examples of double Fibonacci sequences are given and also an interesting 
property of their diagonals is presented. 

Proposition 1.7. There is a natural isomorphism of TZ[H,V]-modules: 

Tyi{a, b) ®Tz J^n(c, d) = ^M(8n(("' ^) ® (<^' '^)) • 

Corollary 1.8. The module J^I^l ((a^ 6)®(c, d)) is a freeTZ-module ofrankA. In general, J^M^TSiii'^^^)'^ 
(c, c?)) is isomorphic to (M^N)**. 

An explicit basis of T^"^^ ((a, b) ® (c, c?)) is given by the four sequences (-P^'"''^' (a, b) (c, d))^^ ^-^^ = 

(Pi"l(a,5)j^['^'l(c,d))„ where (z,j) G {0, l}^. 

The generating function of a double sequence {xn k)n fc > is the formal series in TZ[[t, s]] (X)M = 
M.[[t,s]\: 

G(t, s) = Xo,0 + Xi,ot + Xq,iS H h Xn,kt'''s'' H . 

Proposition 1.9. A Fibonacci sequence {xn,k) of type {a,b) (E) {c,d) has a rational generating 
function given by 

G{t, s) — q{t)^^r{s)^^ [a;o,o(l — at){l — cs) + xi.ot(l — cs) + a;o,i(l — at)s + xi^its] 
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where q(t) = 1 — at — bt^ , r{s) — 1 — cs — ds^ . 

2. Proofs 

We can write well-known results on Fibonacci sequences in the following form: 
Lemma 2.1. There are polynomials Pd"'i^i"' £ TZ[T,U] such that for any (a;„)„>o G J-^wiia^b) : 

x„ = Pd"l(a, b)xQ + P|"l(a, b)xi (2.1) 

for every n > 0. 

Proof We define = 1, = and P™ = 0, Pf ' = 1, and pf = aP^["+'l +6Pf ' (i = 0, 1). 



These satisfy the equation (|2.ip by definition for n = 0, 1 and by induction for n >2. □ 
Remark 2.2. The Lemma l^TT] shows that the 7?.-niodule T{a,b) is free of rank 2 with basis 

In] In] 

Remark 2.3. If a = ri + r2, b = —rir2 then one can describe Pq and in the classical way 
as polynomials in ri , r2 : 

Pt\ri + r2, -rira) - P|,"'(ri,r2) = -r^'r^ - r^^rj rirr\ 

+ ^2, -rir2) - R^'\r,,r2) = r^^ + rr^i + • ■ • + r^', 
or as rational functions in ri , r2 : 

i?r(...2) = ^^^:^^, Pi"l(r,.2)^^i^. (2.2) 
r2 — ri r2 - ri 

Remark 2.4. The previous formulae are also correct in J-M.{a, 6), i.e. for negative n, if we extend 
the scalars to a suitable ring of fractions. 

For an arbitrary sequence (a;„)„>o in 5m we define its generating function G{t) as a formal 
series in 7^[[^]] M M[[<]] : 

G{t) = xo + xit + X2t^ H . 

Another classical result is (see, for example, [T]): 

Lemma 2.5. The generating function of the Fibonacci sequence (a;„)„>o G ^M(a, ^) is the rational 
function 

r,,.\ {l-at)xo+txi i|- 1 

G(i) = 1 _ _ 5^2 = 9(0 Fo + (2^1 - axo)t\ , 

where q{t) = 1 — at — bt^ . 

Proof. [Proposition ll.4| From Lemma [2TTl an arbitrary sequence (xn)n>Q G J-{a,b) can be written 

as (x„)„>o = {Pt\a, 5))„>Q xo + {Pt\a, 6))„>„ xi . □ 

Proof. [Proposition ll.3| Define the morphisms 

TM{a,b)^MS)M^J'{a,b)®M-^J'M{a,b) 

by 

',5((a;„)n>o) = (2^0,2:1), 
^(xo,a;i) = (p["l(a,6))^^>Q®xo + (p["l(a,6))„>o®a;i. 
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and 

f?((c„)„>o (S)x) = (c„x)„>o. 

It is easy to check that rj^pip, Lprjtp and ^Lp-q are identities, so "0, 77 are T^-module isomorphisms. 
It is also obvious that 77 and ip(f are 7?.[r]-hnear. □ 

Proof. [Proposition ! 1.5j There are canonical maps: 

$ : T-s^{a, b) © JSj(a, b) — > Tm®T<i{a, b) 



defined by 
and 

defined by 



*((a;n)n>o, (yn)n>o) = (a;„,y„)„>o 



^'((a;„)„>0, (yri)n>o) = (a;n,yn)n>0- 

Both are compatible with the shift. □ 
Proof. [Proposition ! 1.7j Define the morphism of Ti[H, V^]-modules: 

$ : Tmia, b) ® T^{c, d) — > ^m^nii^'^ ^) ® (c, d)) 

by 

$((a;„)„>o (yfc)fc>o) = (a;„ ® yk)n,k>o • 

The inverse morphism ^ can be constructed using canonical bases Pg"' (a, 6), (a, 6) of J-m{a, b), 
respectively Pq'^'(c, d), P|'^'(c, d) of .Fn(c, d) and the corresponding basis Pj"''(a,6) ® Pj'°'(c, d), 
i, j e {0, 1}^ of J^mCQj b) eg) J^n(c, d): if the first four terms are given by Zq q = ® rii , 

Zifi = ® I ^04 = HheH ® I ^14 = Z^iei ™i ® > then 5' is defined by: 

^{{ZnM)n,k>^) = E^ei iPtha,b)m,)^^^ ® (P^'^l (c, d)n,),>g 

+ (Pcl"'(a,6)™D„>o ® (^f '(c, rf)";:)fe>o 

□ 

Proof [CorollarytTH] The proof is clear as J^I^] ((^^ ^) ^ (c, d)) = T{a, b) ® T{c, d) ^ {TZ®n)(E) 

(7^ ® 7^) ^ 7^''. in general, .?^m55n((«' ^) ® (c, (^)) = •?^M(a, b) J^n(c, d) ^ (M M) (N © N) ^ 
(M®N)4. □ 

[2] 

Corollary 2.6. Using a = ri + r2, b = —rir2, the general term Xn^k of a sequence in ^j^^f^ia, b) 
is given by 

Xn,k = A"2|-(^n^2 - rirj)(rfr2 - rir§)xo,o + (''2 - ''?)(?'^?'2 - ?'i?-|)a;i,o 

+ (r^i'ra - rir^)(r^ - rJ^)a:o,i + (rj - r5|')(r-| - , 
where A = r2 — ri. Tftis formula is correct for arbitrary integers n,k (as an equality in the ring 
T^{ri ,r2) of rational functions) . 
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Proof. [Proposition ll.9| Apply two times Lemma f2.5l 

= I]n>o ^^n, 0(1 - cs) + r(s) ia;„,is]t" 

= r(s)-i [(1 - cs) X;„>o Xnfit'' + s E„>o 
= g(i)-V(s)-i{(l - cs)[a;o,o(l - at) + xi,Qt] 
+s[a;o,i(l - at) + xi^it]} . 

□ 

We consider also other operations with Fibonacci modules, for example symmetric powers and 
exterior products (we suppose that 2 is a unit in TZ): 

Proposition 2.7. There are natural isomorphisms: 

Symm^^^ Tmia, b) = {{xn,k) e ■^m^n('^' ^) • ^".fc = ^k,n V A;, n > O}, 
A^^^ JM(a, 6) = {(a;„,fe) e ^M0N(a, : Xn,k = -Xk,n Vfc,7i>0}. 

3. Generalizations 

First we introduce recurrency of order d: 

Definition 3.1. Let a ~ (ai,...,ad) be an clement in TZ'^. The Fibonacci module of type a 
associated to the module M is the 7?.[T]-module: 

^M(a) = {(a;„)„>o G 5m : x^+d = aiXn+d-i ^ f-Od^n, V n > O}. 

Next we consider multiple Fibonacci sequences (xni,...,np)n, ^>o in M: 

Definition 3.2. Let a^^) e 7^'^l , . . . , a^P) e . The Fibonacci module of type (a^^) , . . . , a^P)) 
associated to the module M is the 7?.[Ti, . . . , TpJ-module: 

^ M \ ■ ■ • 1 a^P^ ) — I (^ni ,. . . ,np )ni >0 • -^ni , . . ..rip ^ -^^i •^ni,...,ni+rfi ,...,np — 

E^Li 4'''^"i,...,n.+d.-j\...,«p for z = 1,2, . . . 
If a(i) = . . . = a^P) = a = (ai, . . . , a^), we denote simply J^]l^'(a) = (aij ■ • • : a^) . 

The previous results have obvious generalizations. For example: 
Proposition 3.3. 

Tm{ai, . . . , ad) ^ M'* ^ T{ai, . . . , ad) ® M. 

Proposition 3.4. Fix a (ai, . . . , ad) G T^''. T/ie sequences (^Pf^\a))^^^, i = 0, ... ,d — 1 in 
J^(a) defined by p|^'l (a) = 5ij {for j ^ 0, . . . , d - 1) give a canonical basis of J-{sl) . 
Lemma 3.5. The generating function of {xn)n>o J'i^) is 

G{t) = q{t)-^ [Qo{t)xo + Qi{t)xi + ■■■ + Qd-i{t)xd] , 

where 

Q,{t) = f(l - ait ~ a2t^ ad-^-lt'^-'-^) , i G {0, . . . , d - 1}, 

and q{t) = 1 — aii — a2t^ — ... — a^^'* . 
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Proposition 3.6. 

^M,(a(i)) ® • ■ • ® ^M,(a(^)) = ^]SU■■■«M,(a('^ ■ ■ ■^^^'^) ■ 
In particular, J^^p^ (a'"'^^ . . . , a'^^ ) is free of rank D ~ did2 ■ ■ ■ dp . 

Proposition 3.7. A multiple Fibonacci sequence {xni,...,np) of type {a^^\ . . . ,a(P^) has a rational 
generating function: 

0<j"i<di-l 

where qi{t) = 1 — a^^'^t — • • • — a^'^^t'^^ and Qq \ • ■ • , Q^ ^i ^ike in Lemm dS.Sl 
For further applications in knot theory, we wiU use the next specializations: 

Theorem 3.8. Let {x„-^_...^np)>o be an element in J'^i't'i + t'2, ^''1^2)- 

a) The general term is given by 

Xn,,...,np=A-P S^;:^\r^,r,)---S^;/Hr,,r2)x,„...,,^, 

0<ji,...,jp<l 

where A = ra - ri, 5^"'(ri, ra) = r'^Vj - rir'^ , 5["'(ri, ra) = r'^ - r^; 

b) the generating function of {xni,...,np) is given by 

Giti,...,tp) ^ qitiY^ ■ ■ ■ qitpY^ Y Qniti)---Qjpitp)^ji,-dp^ 

0<Ji,...Jp<l 

where q{t) = (1 - rit){l - r2t), Qo{t) = 1 - (ri + r2)t and Qi{t) = t. 

4. Examples 

Example 4.1. Fibonacci module let us analyze sequences with the first four entries 

(ci j)g{o.i}2 equal to or 1. From the sixteen possible choices there are 5 primitive sequences: 



So = 
















Bi 









1 






Bo 



1 








1 



B-, 






1 


1 






Ba 



1 

1 1 



The others are shifts of these primitive sequences (see figure below): 



H{B,) : 
HV{B^) 




1 





1 1 


, V{B^) = 


1 



, V\Br) - 



1 — 1 1— 1 



1 




H{B2) = 



1 

1 1 



H^V{Bi) 
V{B2) - 



1 1 




HV^Bi) 



1 
1 



H^V^Bi) 



1 1 
1 1 



1 1 
1 



and H{B3) = ViB^) 



1 1 

1 



In fact, using the structure of Z[i7, V^]-module, (1, 1) is generated by Bi. 

It is obvious that an element (xn)n>o ^ ^q{^i 1) can be defined by any two terms {xp^Xq}] in 



the case of a double sequence {xn,k)7i,k>o ^ i^^^)^ ^^'^^ terms {xi 

can define the sequence. 
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13 
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13 
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3 
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8 


11 










2 





2 


2 


4 








3 


2 


5 


7 


12 








1 





1 


1 


2 


3 






2 


1 


3 


4 


7 


11 






1 





1 


1 


2 


3 


5 




1 


1 


2 


3 


5 


8 


13 




























1 





1 


1 


2 


3 


5 


8 


1 





1 


1 


2 


3 


5 


8 13 





1 


1 


2 


3 


5 


8 


13 



A curious property of these sequences is the alternating monotonicity along the hues parallel to 
the secondary diagonal: 

Xn+2,k > a;„+i,fe+l < Xn,k+2 

or 

Xn+2,k < Xn-\-l,k+l > Xn,k+2 ■ 

In general we do not have this strong alternating property (look at the sequence given by a;o,o = 
xi^o = 3,a;oa = 2, xi^i = 0: the 4th diagonal is (7,3,2,9) ). In general we have only a "weak 
alternating property" : 

Xn+2,k+l > Xn+l,k+2 if and only if Xn+Z,k < Xn,k+3 

(see the next corollary). 

The general statement explaining these two facts is given by: 

Proposition 4.2. (diagonal property) If a?d — bc^, any four diagonal consecutive terms of the 
sequence {x„^k)n,k>o € J'^({a,b) ® (c, d)) satisfy the relation: 

abXn,,k+3 + {a^ + b)cxn+i^k+2 = a(c^ + d)x„+2,k+l + cdXn+3,k ■ 
Proof. Express the terms as combinations of Xn,k, Xn+i,k, Xn,k+i and Xn+i,k+i- D 

Corollary 4.3. Four diagonal consecutive terms in {xn,k)n,k>o € .^2^^(1,1) satisfy 

Xn,k+3 — Xn+3,k = 2(a;„+2,fc+l — Xn+l,k+2) ■ 
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